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We assume a given set of independent vectors f Xjj such that £^ = 0 (i not summed), so as to obtain geodesic curves, and impose conditions (24), (25), (26) of I on the 0 a . From I, (25) we see that if M&& = 0 for any k, then by I, (24), we have (since |X*|| 9*0) d/z&/dx a = 0, or jdk = const. If, however, for any given k, fikk^O, then from I, (25), c£ = 0, for all i and ƒ This gives us a means of classifying the spaces according to the number of fXkk which equal zero. For w = 4 there are five cases, which, without loss of generality, we may take in the form : (E) /*« = 0.
In the following discussion we consider cases (A), (B), and certain special cases under (C). For these special cases we shall merely state the results.
2. Cases (A) and (B). For case (A) we see from I, (25) that 4 = 0 > which implies that F 4 is a flat space.
We consider now case (B). Here ix\ and hence 0i is constant. From I, (25) we have
If in I, (26) we make the substitution
we obtain I, (23) in the barred quantities. We call this resulting equation I, (230-* Metric spaces with geodesic Ricci curves, I, this Bulletin, vol. 44 (1938) , pp. 145-152. We refer to this paper as I, and the notation I, (23), for example, refers to its equation (23).
t All indices take the values 1, 2, 3, 4 unless otherwise noted.
Since by (2), whenever 4fc = 0 the corresponding c% are also zero, we may solve I, (23') directly for the c's, the normalized form of the c's, without the necessity of first determining the 0's. This process will be made clearer in what follows.
By the use of (1) and (2) We may thus take, for example, cl z =cl^= s 0 1 and there remains to be determined c\±, the only nonzero c.
A set of operators A« satisfying the relations
with all ^a ô = 0 except c\±, can be expressed in the form
From the last two equations of (3) and (5) we see that c\ é = k = const. Hence A = kx*+G(x*), and by the transformation
we can make G = 0. As the canonical form for the A's we have then (dropping primes)
To obtain the 6 a we use
This gives 0« = 6a(% a ), a = 2, 3, 4; 0i = const.
If we substitute these values for the 0» in I, (26) and use (2) to ob-tain £g 4 , we will find that I, (26) are satisfied identically. Hence the 0i, (i = 2, 3, 4), are arbitrary functions of their respective arguments. The forms of the Xa| and gi 3 -are given in the last section.
3. Case (C). In this case 0i and 02 are constant, and c^ = cj = 0. Hence, by (2),
It is possible to find a coordinate system in which the A» assume the canonical form
and from (4) we find (7) XÎ,(234), 
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tions of I, (23 ; ) now have the following form, use being made of (6), (9), and the equation A 2 a = 0 which follows from (6): 4. Subcases of (C). We shall consider several subcases under (C) and divide these according as a = 0 and a 5* 0 :
(CI) a = 0; (C 2) a?* 0.
For (C 1), we have from (9), d = Q, and by a change of coordinates we can make a = /3 = 0. If we then differentiate (10) and (11) with respect to x 1 and x 2 , we find that The results for these three subcases are as follows : Case (C 1.1). From (14) we see that c or g is zero. In either case we have case (B) repeated.
Case (C 1.2). For this case we obtain the following two possible solutions : To obtain the 0 t -we proceed as in case (B) and find 0i, 0 2 const., 03 = 0 3 (# 3 ), 04 = 0 4 (# 4 ).
If we use (2) to obtain ^4, c\±, ^4 (unbarred) and substitute in I, (26), these equations are satisfied identically; hence 03 and 04 are arbitrary. The forms of x£| and ga for this case are given in the last section.
Case (C 1.3) . It can be shown that we must have b, c, ƒ, g all functions of x 4 only, and connected by the relations (18) c' = -e x e 2 fg y g' = -eie 2 bc, e 2 b' + e x f = e z cg.
If either c or g is zero, then by (18) the other is also, and the third equation of (18) with E{x 4 ) arbitrary. As for (C 1.2), 0 3 (* 3 ), Oifjxt) are arbitrary. If neither c nor g is zero, we have (18) to determine b, c, ƒ, g, none of which is now zero. By eliminating b and ƒ we obtain (19) e 1 (g'/c) ' + e,{c'/g )' = -e 3 cg.
We may take, for example, g as arbitrary, and then determine b, c, ƒ from (18) and (19).
Case (C 2). Here a^O; whence follows cMO. It can be shown that we must have b^O, f 7*0 also. We consider only the special case (C 2.1) in which c or g is zero, from which, by (10) or (11), it follows that the other is also. The results for this case, (C 2.1), are:
and a and b are arbitrary subject to db/dx z = da/dx 4 .
5. Forms for the gij. In this section we obtain the forms of the ga for the various cases previously considered. From Case (C 1.1). This case is equivalent to case (B).
Case (C 1.2). In this case we have ^23 = ^3 = ^14 = 0, ^4^0, 
